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Stable Higgs bundles and Hermitian-Einstein
metrics on non-Ka¨hler manifolds
Adam Jacob
Abstract
LetX be a compact Gauduchon manifold, and let E and V0 be holomorphic vector
bundles over X. Suppose that E is stable when considering all subsheaves preserved
by a Higgs field θ ∈ H0(End(E) ⊗ V0). Then a modified version of the Donaldson
heat flow converges along a subsequence of times to a solution of a generalized
Hermitian-Einstein equation, given by iΛF + [θ, θ†] = λI.
1 Introduction
Given a holomorphic vector bundle E over a complex manifold X , a natural question
is whether it admits a Hermitian-Einstein metric. Existence of such a metric was first
proven by Narasimhan and Seshadri in the case of curves [24], then for algebraic surfaces
by Donaldson [9], and for higher dimensional compact Ka¨hler manifolds by Uhlenbeck and
Yau [34]. Buchdahl extended Donaldson’s result to arbitrary compact complex surfaces
in [4], and Li and Yau generalized Uhlenbeck and Yau’s theorem to any compact complex
Hermitian manifold in [17]. In all cases, existence was found to be equivalent to slope
stability in the sense of Mumford-Takemoto.
Many generalizations of this result exist, including to the case of Higgs bundles by
Simpson in [30]. We briefly review his result here. Let X be a compact Ka¨hler manifold.
A Higgs bundle is a vector bundle E, together with a holomorphic endomorphism valued
one form:
θ : E −→ Λ1,0(E)
called a Higgs field. We assume the Higgs field satisfies the integrability condition θ∧θ = 0.
If θ† is the adjoint of θ with respect to H , and ∇ is the usual unitary-Chern connection on
E, we can define a new connection D := ∇+θ+θ†, and try to solve the Hermitian-Einstein
problem:
iΛFθ = λI, (1.1)
where here Fθ is the curvature ofD. This leads to solutions of Hermitian-Einstein equation
without the restriction that the connection be unitary. Given this setup, using much of the
machinery from both the paper of Donaldson [9] and Uhlenbeck and Yau [34], Simpson
was able to construct a solution to (1.3) in the case that E is stable. Here stability is
defined as before, with the restriction that each subsheaf F be preserved by the Higgs
field.
One of the key applications of Simpson’s work is to use a solution of (1.1) to construct
a flat bundle. If c1(E) = 0, then equation (1.3) reads
iΛFθ = 0. (1.2)
Furthermore, if c2(E) = 0, it follows that
0 =
∫
M
Tr(Fθ ∧ Fθ) ∧ ω
n−2 = ||Fθ||
2
L2 − ||iΛFθ||
2
L2,
from which we can conclude that D is a flat connection. Now, in the Ka¨hler case this gives
one half of the correspondence between stable Higgs bundles and stable representations
of the fundamental group. To see the other half, define a flat connection D on E to be
stable if E admits no non-trivial D-invariant subbundles. Given a metric on E we can
decompose the connection D as D = ∇+ θ+ θ†, where ∇ preserves the metric. Then if X
is Ka¨hler, using the existence of harmonic metrics [6, 8, 10], and a Bochner type formula
of Siu [33] and Sampson [29], it follows that if D is stable than there exists a metric so that
(∇0,1)2 = ∇0,1θ = θ∧θ = 0, thus constructing a stable Higgs bundle. This correspondence
between Higgs bundles and flat connections has yielded some fascinating geometric and
topological results, including restrictions on the fundamental group of compact Ka¨hler
manifolds. For more details we direct the reader to [7].
It is natural to ask if the above results can be generalized to the non-Ka¨hler case. In [1],
by constructing an explicit example, it was shown by Biswas that the direct correspondence
between stable Higgs bundles and representations of the fundamental group does not
extend to this case. Note that when X is non Ka¨hler, the degree of a bundle is not a
topological invariant. Thus a solution to (1.2) will only yield a flat bundle if∫
M
Tr(Fθ) ∧ ω
n−1 =
∫
M
Tr(Fθ ∧ Fθ) ∧ ω
n−2 = 0,
which is a much more restrictive condition than that of vanishing Chern classes. Fur-
thermore, given a stable flat connection, one can only construct a stable Higgs bundle if
certain metric invariants called “pseudo Chern classes” vanish [19] (they always vanish if
X is Ka¨hler, see [31] for details).
Despite the above difficulties, much work has been done to generalize equation (1.1)
and study the corresponding moduli of solutions in the non-Ka¨hler case. An extremely
general correspondence between stable holomorphic paris and solutions of a Hermitian-
Einstein type equation was worked out by Teleman and Lu¨bke in [21], building off the
work of Banfield [2], Mundet i Riera [23], and Bradlow, Garcia-Prada, and Mundet i
Riera [3] (among others) in the Ka¨hler case. The holomorphic pairs considered consist
of a holomorphic vector bundle and a group action. We direct the reader to [21] and
the references therein for details, and only address the case of Higgs pairs here. This is
a special case of the more general setup proven in [21, 3], yet is still a generalization of
equation (1.1).
Let V0 be a fixed holomorphic vector bundle with metric η. Consider the following
V0-twisted endomorphism:
θ ∈ H0(End(E)⊗ V0).
Given any metric H , we can take θ† (the adjoint of the endomorphism part of θ), and
define an H-Hermitian endomorphism of the bundle E by [θ, θ†]η, given by the standard
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commutator contracted by the metric η on V0. One now looks for a solution to
iΛF + [θ, θ†]η = λI, (1.3)
which again exists if and only if E is stable. In [21] Teleman and Lu¨bke utilized the
elliptic method of continuity (same as [17]) to solve their equation. In this paper we find a
solution of (1.3) using a parabolic heat flow method. Specifically, we look at the following
non-linear flow on the space of metrics:
H−1H˙ = −(iΛF + [θ, θ†]η − λI), (1.4)
and prove convergence is dependent upon stability. Our main result is as follows:
Theorem 1. Let X be a compact, complex Hermitian manifold equipped with a Gauduchon
metric, and let V0 and E be holomorphic vector bundles over X. Assume there exists a
Higgs field θ ∈ H0(End(E)⊗V0), and that the pair (E, θ) is indecomposable. Then a family
of metrics H(t) evolving along (1.4) converges along a subsequence of times to a solution
of (1.3) if and only if (E, θ) is stable.
The parabolic approach we follow was used by Donaldson [9] and Simpson [30] in the
Ka¨hler case. Since we are focusing on the non-Ka¨hler case, some extra care needs to
be taken. Aside from having to be careful with additional terms during integrating by
parts, the main difficulty we encounter is that Simpson’s proof of the C0 estimate for H
does not carry over to our case, because the form of the Donaldson functional he uses
can not be defined if X is only Gauduchon. Instead, we adapt the elliptic C0 estimate
of Uhlenbeck and Yau to our parabolic setting. This step requires careful control of the
subsequences taken along to the flow in order to construct a destabilizing subsheaf. Just
as in [30], we also need a fundamental theorem of Uhlenbeck and Yau, which states that
weakly holomorphic subbundles are in fact holomorphic subsheaves of E. Armed with the
C0 estimate, we then use parabolic and elliptic methods to gain higher order estimates for
H , allowing us to prove convergence along a subsequence.
Our result provides the first heat flow proof of the Hermitian-Einstein problem in
the non-Ka¨hler case. We consider this approach a worthwhile investigation in that we
have developed techniques for using geometic flows in this more general setting. Heat
flow methods have gained in prominence following Perelman’s solution of the Poincare´
conjecture [25, 26, 27] using Hamilton’s Ricci flow [13], and the study of flows related to
the Ricci flow, the mean curvature flow, and the Yang Mills flow (among many others)
remains an active branch of current research in differential geometry.
We divide up the paper as follows. Section 2 contains general background material
that will be used throughout the subsequent arguments. In Section 3 we introduce the
Donaldson heat flow and describe the evolution of certain key quantities. Section 4 contains
the proof of long time existence of the flow as well as the proof of our main result under
the assumption that H is bounded in C0. Finally, in Section 5 we show how to achieve
the C0 bound for H using the stability of (E, θ).
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2 Preliminaries
We begin with some basic definitions used throughout the paper. Let X denote a com-
pact Hermitian manifold of complex dimension n, and let g be a Hermitian metric on
the holomorphic tangent bundle T 1,0X . Associated to g one can construct the following
fundamental form:
ω =
i
2
gk¯jdz
j ∧ dz¯k.
Wedging ω to the highest power defines the following natural volume form
V ol(X) :=
∫
X
ωn
n!
.
Let Λ denote the adjoint of wedging with ω. If ψ is a (1, 1) form, then one has the following
useful equality
ψ ∧
ωn−1
(n− 1)!
= (Λψ)
ωn
n!
.
We are interested in certain special classes of Hermitian metrics, all of which are defined
by properties of ω.
Definition 1. We say g is Gauduchon if ∂∂¯(ωn−1) = 0, semi-Ka¨hler if d(ωn−1) = 0, and
Ka¨hler if d(ω) = 0.
In this paper we focus on metrics which satisfy the Gauduchon condition, which was
introduced by Gauduchon in [11]. Although such metrics have much less structure than
Ka¨hler metrics, they exist in abundance. In fact, any compact Hermitian manifold X
admits a Gauduchon metric.
Let (E, ∂¯) be a holomorphic vector bundle over X . Given a metric H , every holo-
morphic bundle admits a Chern connection dA which preserves the metric and defines
the holomorphic structure on E. Because X is complex, the Chern connection can be
decomposed into (1, 0) and (0, 1) parts, which we denote by ∂A and ∂¯. We also denote the
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Chern connection on the associated bundle End(E) by ∂A and ∂¯. Furthermore, we use
the notation ∇ = ∇1,0 +∇0,1 to denote the Chern connection on all associated bundles of
the form E ⊗ Ωp,q and End(E)⊗Ωp,q. Thus, when working on E ⊗ Ω0 and End(E)⊗ Ω0,
one has ∇1,0 = ∂A and ∇
0,1 = ∂¯. However, working on E ⊗ Ωp,q, with p or q (or both)
nonzero, ∇1,0 and ∇0,1 contain connection terms coming from the bundle Ωp,q in addition
to E, while ∂A and ∂¯ only contain connection terms for E. Because g is Gauduchon and
not Ka¨hler, the Chern connection on Ωp,q does not coincide with the Levi-Civita of the
Riemannian metric, and one must deal with torsion terms when working with ∇ on Ωp,q.
Let F denote the curvature of of the Chern connection on E. Since the holomorphic
structure ∂¯ on E is fixed, we can view F as depending only on our choice of metric H .
Definition 2. The degree of the holomorphic bundle (E, ∂¯) is defined as follows
deg(E) =
i
2π
∫
X
Tr(F ) ∧
ωn−1
(n− 1)!
.
Because g is Gauduchon, the above quantity does not depend on a choice of metric for
E. Given a different metric Hˆ on E, there is a smooth function ψ on X which satisfies
Tr(Fθ− Fˆθ)∧ω
n−1 = ∂∂¯ψ∧ωn−1, and this integrates to zero in the Gauduchon case. Now,
although degree is independent of the metric on the bundle upstairs, it does depend on g,
and is only a topological invariant if g is Ka¨hler or semi-Ka¨hler (see [20] for details).
A metric is called Hermitian-Einstein if it solves the following equation,
iΛF = λI
where λ is a real number. In fact, because Definition 2 is independent of metric, the
constant λ is completely specified
λ =
2πdeg(E)
rk(E)V ol(X)
. (2.5)
For notational simplicity we denote the H-Hermitian endomorphism iΛF by K.
As stated in the introduction, in this paper we consider a generalization of the Her-
mitian Einstein equation. Let V0 be a fixed holomorphic vector bundle with metric η.
Consider the following V0-twisted endomorphism
θ ∈ H0(End(E)⊗ V0).
In the classical theory of Higgs bundles one takes V0 = Ω
1
X (see [30, 31]). Even though we
allow for V0 to be arbitrary, we still refer to θ as a Higgs field. For a given metric H we
can consider the following section
θ† ∈ Γ(End(E)⊗ V¯0),
defined by taking the adjoint of the endomorphism part of θ with respect to the metric H .
In other words for sections s and t of E, θ† is defined so that the following sections of V0
are equal
〈θs, t〉H = 〈s, θ
†t〉H .
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We now define an H-Hermitian endomorphism of the bundle E by [θ, θ†]η, given by the
standard commutator of the endomorphism parts of θ and θ† contracted by the metric η
on V0. Note that this quantity varies as H varies. In the Ka¨hler case, [θ, θ
†]η, is derived via
a moment map construction. However, in our case X is only Gauduchon and therefore not
symplectic. As a result we choose not to describe this formalism here and instead direct
the reader to [2, 23] for details.
Definition 3. We say the pair (E, θ) is indecomposable if E can not be split holomorphi-
cally into the direct sum of two subbundles, each of which is preserved by θ.
From this point on we always assume (E, θ) is indecomposable. The generalized
Hermitian-Einstein equation we consider is expressed as follows
K + [θ, θ†]η = λI.
For notational simplicity we set Kθ = K+[θ, θ
†]η. Our main theorem is to solve the above
equation using parabolic methods. Just as in the elliptic case existence is intimately tied
to a notion of geometric stability, which we go over now.
Consider a proper coherent subsheaf F ⊂ E with torsion free quotient.
Definition 4. We say F is a sub-Higgs sheaf of E if θ|F defines an element of H
0(End(F), V0).
Since (F , ∂¯) is a holomorphic vector bundle away from a singular set Z(F) of codimen-
sion 2, on X\Z(F) we can consider the orthogonal projection π : E −→ F defined by H .
Let φ be a section of F . The connection ∇ induces a connection on F , which is given by
∇F(φ) = π ◦ ∇(φ). The second fundamental form is a map from F to its H-orthogonal
complement F⊥ defined by
(∇−∇F)φ = (I − π)∇φ.
Because ∂¯ preserves F , we know (I − π) ◦ ∂¯ = 0, so the second fundamental form can in
fact be expressed as (I − π)∂Aφ. We now compute
∂A(π)φ = ∂A(πφ)− π∂A(φ) = (I − π)∂Aφ.
Thus ∂Aπ : F → F
⊥ defines the second fundamental form associated to ∇. Now, since
the metric H on E defines a metric HF on F over X\Z(F) by inclusion, one can compute
how curvature F of H restricts to F (see [12])
FF = πFπ − (∂Aπ)
† ∧ ∂Aπ.
Although this formula only holds on X\Z(F), we know induced curvature is at least in
L1 (see [15, 16], for instance), and since Z(F) has zero measure the degree of F can once
again be defined by integrating over X
deg(F) =
i
2π
∫
X
Tr(πFπ) ∧
ωn−1
(n− 1)!
−
1
2π
||∂Aπ||
2
L2(H).
This is the well know Chern-Weil formula.
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Definition 5. We say (E, θ) is stable if, given any proper sub-Higgs sheaf F ⊂ E with
torsion free quotient, we have
µ(F) =
deg(F)
rk(F)
<
deg(E)
rk(E)
= µ(E).
3 The Donaldson heat flow
In this section we introduce the parabolic equation used to solve (1.3). Because of its
similarities with the Ka¨hler case, we still refer to the flow as the Donaldson heat flow.
Given an initial metric H0, we define the flow of endomorphsims h = h(t) by
h−1h˙ = −(Kθ − λI),
where h(0) = I and Kθ = Kθ(t) is determined by metric H(t) = H0h(t). The main goal
of this paper is to show the flow converges to a solution of (1.3) along a subsequence of
times. First we compute the evolution of a few key terms.
We start with the following standard formula, which can be found in [20, 32], and
states that if a connection is evolving along a path of metrics, then the time derivative is
given by
∂˙A = ∂A(h
−1h˙). (3.6)
The above formula can be used to compute the time derivative of the curvature endomor-
phism K
K˙ = iΛ∂¯∂A(h
−1h˙).
To compute the time derivative of Kθ, we need to understand how the endomorphism
[θ, θ†]η evolves. First, we note that although θ is defined to act on sections of E, its action
can be extended to sections of End(E) by the formula θ(h) = θh − hθ. Similarly we can
extend θ†. Note that θ(I) = θ†(I) = 0. Now, using the definition of adjoint one can
compute
d
dt
(θ†) = θ†h−1h˙− h−1h˙θ† = θ†(h−1h˙).
As a result we have
d
dt
[θ, θ†]η = [θ, θ
†(h−1h˙)]η.
Using our flow equation (1.4), it follows that
K˙θ = iΛ∂¯∂A(h
−1h˙) + [θ, θ†(h−1h˙)]η = −iΛ∂¯∂A(Kθ)− [θ, θ
†(Kθ)]η. (3.7)
We now define some fully elliptic operators used in the arguments to follow. Consider
both
P ′A = iΛ∇
1,0∇0,1 and P ′′A = −iΛ∇
0,1∇1,0.
As in the previous section, the connection ∇ denotes the Chern connection on the associ-
ated bundles E ⊗Ωp,q and End(E)⊗Ωp,q, and as a result both P ′A and P
′′
A are defined on
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these spaces. One could denote the above operators as P ′A⊗Γ and P
′′
A⊗Γ in order to specify
that ∇ contains connection terms Γ for the bundle Ωp,q. However, these connection terms
are fixed along the flow, so for notational simplicity we drop Γ from our notation. We in-
clude the connection A in our notation since it is changing along the flow, and we want to
highlight this dependence on time. Let P to denote the operator iΛ∂∂¯ on C∞(X), where
no connection terms are needed. Finally we note that the above operators are defined
using the “analyst convention,” and are positive definite.
Returning to (3.7), the evolution of Kθ can be rewritten as
K˙θ = P
′′
A(Kθ)− [θ, θ
†(Kθ)]η. (3.8)
Lemma 1. Along the Donaldson heat flow, Kθ is uniformly bounded in C
0
sup
X
|Kθ|
2
H < C.
Proof. First, we remark that the pointwise inner product on endomorphisms of E induced
by the metric H is given by
〈·, ·〉H = Tr(·(·)
†).
This leads the simple observation that
〈[θ, θ†(Kθ)]η, Kθ〉H = |θ(Kθ)|
2
H⊗η,
which can be seen using the definition of the commutator and properties of trace. Next
we note that
d
dt
|Kθ|
2
H = 〈K˙θ, Kθ〉H + 〈Kθ, K˙θ〉H ,
since the contribution of the time derivative of the metric cancels along (1.4). Plugging in
(3.8) yields
d
dt
|Kθ|
2
H = 〈P
′′
AKθ, Kθ〉H + 〈Kθ, P
′′
AKθ〉H − 〈[θ, θ
†(Kθ)]η, Kθ〉H − 〈Kθ, [θ, θ
†(Kθ)]η〉H
≤ 〈P ′′AKθ, Kθ〉H + 〈Kθ, P
′′
AKθ〉H .
Note that in this special case 〈P ′′AKθ, Kθ〉H = 〈P
′
AKθ, Kθ〉H , since interchanging the order
of derivatives introduces a commutator with K, which vanishes under trace. It follows
that
d
dt
|Kθ|
2
H ≤ 〈P
′
AKθ, Kθ〉H + 〈Kθ, P
′′
AKθ〉H ≤ P |Kθ|
2
H.
The lemma now follows from the maximum principle. Even though P is not equivalent to
the standard Laplace-Beltrami operator on functions, the maximum principle applies, as
shown by (7.2.8) of [20].
Next we turn to the following normalization lemma.
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Lemma 2. We can pick an initial metric on E so that det(h) = 1 for all time along the
flow.
The proof of the above lemma is identical to the proof in the Ka¨hler case, once one
makes the observation that Tr(Kθ) = Tr(K). We direct the reader to Lemma 6 from [22]
for details. From this point on, H0 will always be an initial fixed metric on E satisfying
Lemma 2, and H will denote the metric on E evolving along the flow (1.4).
We conclude this section with a final computation of the heat operator, which we will
need in the analysis to follow. As a first step, we introduce a Bochner type identity for
the operator P ′′A. We define the following Hodge-type Laplacian on End(E)⊗ Ω
p,q(X)
 = −i([Λ, ∂¯]∂A + ∂A[Λ, ∂¯]).
Because X is not Ka¨hler, this operator is not equivalent to the standard Laplace operator
∂A∂
†
A + ∂
†
A∂A, yet is is suitable for our purposes. Let β ∗ γ denote any combination of the
tensors β and γ, where the exact form is not necessary for future computations.
Lemma 3. For all α ∈ Γ(End(E)⊗ Ω1,0(X)) the following Bochner identity holds
α = P ′′Aα + F ∗ α+R ∗ α+∇
0,1T ∗ α+ T ∗ ∇0,1α,
where T is the torsion tensor of the Chern connection Γ defined by g, and R is its curvature.
Since many standard references for Bochner type identities only consider Ka¨hler man-
ifolds, we include a short proof here for completeness.
Proof. First, note that for α ∈ Γ(End(E)⊗ Ω1,0(X)), applying  gives
α = −i(Λ∂¯∂Aα + ∂AΛ∂¯α).
Next, in a local coordinate chart we write α as
α = αjdz
j .
Then in coordinates −iΛ∂¯α is explicitly given by gjk¯∇k¯αj , and
−i∂AΛ∂¯α = (∂A)p(g
jk¯∇k¯αj)dz
p = gjk¯∇p∇k¯αjdz
p.
Here we have switched ∂A to the covariant derivative ∇
1,0 since the connection term
associated to Ω1,0 comes from the derivative ∂A landing on the metric g
jk¯. Now, in local
coordinates the endomorphism valued two from ∂Aα is given by
∂Aα = ((∂A)pαj − (∂A)jαp)dz
p ∧ dzj .
By introducing the connection terms for Ω1,0, we can rewrite the above expression using
covariant derivatives
∂Aα = (∇pαj −∇jαp + Γ
m
pjαm − Γ
m
jpαm)dz
p ∧ dzj .
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Define the torsion tensor Tmpj by Γ
m
pj − Γ
m
jp. From here we see
−iΛ∂¯∂Aα = g
jk¯(∇k¯∇jαp −∇k¯∇pαj −∇k¯T
m
pjαm − T
m
pj∇k¯αm)dz
p.
Thus putting everything together gives
α =
(
gjk¯∇k¯∇jαp − g
jk¯[∇k¯,∇p]αj − g
jk¯∇k¯T
m
pjαm − g
jk¯Tmpj∇k¯αm
)
dzp.
The first term above is none other than P ′′Aα. The commutator term [∇k¯,∇p] introduces
the curvature terms and the lemma follows.
We now use the Bochner identity to prove the following lemma. Because the metric g
is fixed throughout the paper, we suppress g from our subscript when denoting the norm
of sections of End(E)⊗ Ωp,q.
Lemma 4. Assume the metric H is bounded uniformly in C1 along the Donaldson heat
flow. Then we have the following point wise inequality(
d
dt
− P
)
|∂A(Kθ)|
2
H ≤ C(1 + |F |H)|∂A(Kθ)|
2
H −
3
4
(
|∇0,1∇1,0(Kθ)|
2
H + |∇
1,0∇1,0(Kθ)|
2
H
)
.
Proof. First we compute the time derivative of |∂A(Kθ)|
2
H
d
dt
|∂A(Kθ)|
2
H = 2〈∂˙AKθ, ∂AKθ〉H + 2〈∂AK˙θ, ∂AKθ〉H + 〈[Kθ, ∂AKθ], ∂AKθ〉H ,
where the last term comes from the time derivative hitting the metric H . Note the time
derivative of the connection ∂˙AKθ is given by the commuator [∂AKθ, Kθ]. Since Kθ is
bounded uniformly along the flow by Lemma 1, we have
d
dt
|∂A(Kθ)|
2
H ≤ C|∂A(Kθ)|
2
H + 2〈∂A(P
′′
AKθ), ∂AKθ〉H − 2〈∂A([θ, θ
†(Kθ)]), ∂AKθ〉H .
Note that θ is fixed, and we assumed H is uniformly bounded in C1, giving us control
of the connection along the flow and thus control of ∂A(θ). Furthermore, because our
connection is unitary we have ∂A(θ
†) = (∂¯θ)† = 0, since we assumed θ to be holomorphic.
Thus the final term above is bounded by C|∂A(Kθ)|
2
H . We turn to the second term on the
right hand side above
2〈∂A(P
′′
AKθ), ∂AKθ〉H .
We apply the Bochner identity to the endomorphism valued one form ∂AKθ. Note that
∂AKθ = −i(Λ∂¯∂A∂AKθ + ∂AΛ∂¯∂AKθ) = ∂A(P
′′
AKθ)
since ∂2A = 0. Thus by the Bochner identity
2〈∂A(P
′′
AKθ), ∂AKθ〉H = 2〈∂AKθ, ∂AKθ〉H ≤ 2〈P
′′
A∂AKθ, ∂AKθ〉H + C|F |H |∂AKθ|
2
H
+C|∂AKθ|
2
H + C|∇
0,1∇1,0Kθ|H |∂AKθ|H,
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where for the last term we applied the Cauchy-Schwarz inequality to
〈T ∗ ∇0,1∂AKθ, ∂AKθ〉H .
Now, applying Young’s inequality ab ≤ a2+ b2 to a = 1
2
|∇0,1∇1,0Kθ|H and b = 2C|∂AKθ|H
gives
C|∇0,1∇1,0Kθ|H |∂AKθ|H ≤
1
4
|∇0,1∇1,0Kθ|
2
H + 4C|∂AKθ|
2
H .
Putting everything together so far we see
d
dt
|∂A(Kθ)|
2
H ≤ 2〈P
′′
A∂AKθ, ∂AKθ〉H + C(1 + |F |H)|∂A(Kθ)|
2
H +
1
4
|∇0,1∇1,0Kθ|
2
H .
Next we compute P on |∂A(Kθ)|
2
H .
P 〈∂AKθ, ∂AKθ〉H = 〈P
′
A∂AKθ, ∂AKθ〉H + |∇
0,1∂AKθ|
2
H + |∇
1,0∂AKθ|
2
H
+〈∂AKθ, P
′′
A∂AKθ〉H .
Note that interchanging P ′A and P
′′
A introduces terms with K, but since Kθ is uniformly
controlled and h is in C0 these extra terms can be absorbed into the C|∂AKθ|
2
H term. Thus(
d
dt
− P
)
|∂A(Kθ)|
2
H ≤ C(1 + |F |H)|∂A(Kθ)|
2
H −
3
4
|∇0,1∇1,0Kθ|
2
H − |∇
1,0∇1,0Kθ|
2
H,
and the lemma follows.
4 Convergence properties of the flow
As stated in the introduction, the goal of this section is to prove Theorem 1 under the
assumption that Tr(h) is bounded in C0 uniformly in time. For the remainder of this
section, we always assume our initial metric H0 was chosen so that det(h) = 1 along the
flow. As a result, the bound on Tr(h) implies every eigenvalue λi of h satisfies 0 < c ≤
λi ≤ C uniformly. Many of the results in this section carry over from standard parabolic
theory and the results of [22] with minor modifications. We include the important details
here for the reader’s convenience.
We begin with the following Proposition, which sums up the key estimates needed to
prove long time existence of the flow as well as Theorem 1.
Proposition 1. Let H = H(t) be a solution of the Donaldson heat flow in the time interval
[0, T ), where T can either be a finite time or infinity. If there exists a constant CT so that
Tr(h) ≤ CT for all t ∈ [0, T ), then for every k ∈ N there exists a constant Ak,T , depending
only on CT , k, and fixed initial data, so that |h|Ck ≤ Ak,T .
Thus once we bound Tr(h) in C0, all the higher derivative bounds for h follow. The
above proposition is proven in several steps, which are given below. Unless otherwise
noted, T can either be taken to be finite or infinity.
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Proposition 2. If Tr(h) ≤ CT , then |∂Ahh
−1|2H0 ≤ C for a constant C depending only on
CT and fixed initial data.
As shown in [32], ∂Ahh
−1 measures the difference of the two Chern connections A−A0.
The proof of the above proposition consists of several local computations and an application
of the maximum principle. Because it does not make use of the global structure of X ,
the proof for g Gauduchon follows from the Ka¨hler case (see Section 3.2.1 of [22]), aside
from two small details, which we now explain. Observe that the presence of the Higgs field
creates an extra term on the right hand side of line (3.2.12) from [22], given by ∇j[θ, θ
†]η.
As in the proof of Lemma 4, ∇jθ
† = 0, so we only have to worry about the contribution
of ∇jθ. However, θ is fixed, so this term is controlled by the connection A, and can
thus be bounded by C|∂Ahh
−1|H0 and absorbed into an existing term. Furthermore, the
application of the second Bianchi identity creates a torsion term, which can be dealt with
using the Young’s inequality trick from Lemma 4. With this, the rest of the proof follows
as in [22].
Proposition 3. If Tr(h) ≤ CT , then for any 1 ≤ p < ∞ we have the following W
2,p
bound on the for h
||h||W 2,p(H0) < C,
where C only depends on CT and fixed initial data.
Proof. We begin the proof by recalling the standard formula relating the curvatures of
different unitary-Chern connections (see [20, 32])
K −K0 = iΛ∂¯(h
−1∂A0h) (4.9)
= h−1iΛ∂¯∂A0h− iΛh
−1∂¯hh−1∂A0h.
Thus we have
−P ′′A0h = h(Kθ −K0θ)− h[θ, θ
†]η + h[θ, θ
†0 ]η + iΛh
−1∂¯hh−1∂A0h. (4.10)
An application of Lemma 1, Proposition 2, and the C0 bound for h proves the right hand
side above is uniformly bounded in C0. As a result |P ′′A0h|
2
H0
< C. The proposition now
follows from standard Lp theory of elliptic PDE’s.
The preceding proposition shows that the curvature F defined by H is bounded in Lp
for any p. However, this does not extend to p =∞, which we need for convergence. Thus
we must work harder to prove higher regularity.
Define the function Y (t) : R+ → R+ by
Y (t) = ||Kθ − λI||
2
L2(H).
This function will play in important role in long time convergence of the flow. We need
the following lemma
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Lemma 5. The function Y (t) is non-increasing.
Proof. We begin by computing the time derivative of Y (t)
Y˙ (t) = 2
∫
X
Tr ((Kθ − λI)P
′′
A(Kθ))
ωn
n!
− 2
∫
X
Tr((Kθ − λI)[θ, θ
†(Kθ)]η)
ωn
n!
.
Note that Tr([θ, θ†(Kθ)]) = 0. This fact, combined with the observation from Lemma 1
that
〈[θ, θ†(Kθ)]η, Kθ〉H = |θ(Kθ)|
2
H⊗η,
gives the following
Y˙ (t) = 2
∫
X
Tr ((Kθ − λI)P
′′
A(Kθ))
ωn
n!
− 2||θ(Kθ)||
2
L2(H⊗η)
= −2||∂¯(Kθ)||
2
L2(H) − 2||θ(Kθ)||
2
L2(H⊗η) + 2i
∫
X
Tr ((Kθ − λI)∂A(Kθ)) ∧
∂¯(ωn−1)
(n− 1)!
.
The second line above follows from integration by parts. We need to show the second term
on the right equals zero. To see this we apply the definition of Gauduchon
0 =
∫
X
Tr
(
(Kθ − λI)
2
)
∂∂¯(ωn−1)
= −
∫
X
∂ Tr
(
(Kθ − λI)
2
)
∧ ∂¯(ωn−1)
= −2
∫
X
Tr ((Kθ − λI)∂A(Kθ)) ∧ ∂¯(ω
n−1).
Note that since our connection is unitary andKθ is self adjoint ||∂¯(Kθ)||
2
L2(H) = ||∂A(Kθ)||
2
L2(H).
Also, recall that the action of θ on the endomorphism Kθ is given by the commutator, so
we have ||θ(Kθ)||
2
L2(H⊗η) = ||[θ,Kθ]||
2
L2(H⊗η). As a result we see
Y˙ (t) = −2||∂A(Kθ)||
2
L2(H) − 2||[θ,Kθ]||
2
L2(H⊗η) ≤ 0, (4.11)
completing the proof of the Lemma
This leads us to the following important proposition.
Proposition 4. If Tr(h) ≤ CT , then ∂AKθ is bounded in L
2 by a constant only depending
on CT and fixed initial data. Furthermore, if T = ∞ and Tr(h) is bounded in C
0 for all
time, then both ||∂A(Kθ)||
2
L2(H) and ||[θ,Kθ]||
2
L2(H⊗η) approach zero as t approaches infinity.
Proof. Our first step is to prove the following differential inequality
d
dt
||∂A(Kθ)||
2
L2(H) ≤ C||∂A(Kθ)||
2
L2(H) + C. (4.12)
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To begin, we integrate the main inequality from Lemma 4, noting that the integral of
P |∂A(Kθ)|
2
H vanishes since X is Gauduchon. This gives
d
dt
||∂A(Kθ)||
2
L2(H) ≤ C||∂A(Kθ)||
2
L2(H) + C
∫
X
|F |H|∂A(Kθ)|
2
H
ωn
n!
−
3
4
(
||∇0,1∇1,0Kθ||
2
L2(H) − ||∇
1,0∇1,0Kθ||
2
L2(H)
)
.
Applying Ho¨lder’s inequality to the second term on the right hand side yields∫
X
|F |H|∂A(Kθ)|
2
H
ωn
n!
≤ ||F ||L3(H)||∂A(Kθ)||
2
L3(H). (4.13)
Our assumption |Tr(h)|C0 ≤ CT implies h is in W
2,p by Proposition 3, which implies
||F ||L3(H) is uniformly bounded in time. For notational simplicity let |∇
0,1∇1,0Kθ|H +
|∇1,0∇1,0Kθ|H be denoted by |∇
2Kθ|H , an expression which controls all second order
derivatives of Kθ. We now prove an interpolation inequality, similar to that of Hamil-
ton from [13], in order to conclude
||∂A(Kθ)||
2
L3(H) ≤ C||Kθ||L6(H)
(
||∂A(Kθ)||L2(H) + ||∇
2(Kθ)||L2(H)
)
. (4.14)
To see the above inequality, we first integrate by parts∫
X
|∂AKθ|
3
H
ωn
n!
= i
∫
X
|∂AKθ|HTr
(
∂AKθ(∂AKθ)
†
)
∧
ωn−1
n− 1!
= −i
∫
X
(
∂|∂AKθ|HTr
(
Kθ(∂AKθ)
†
)
+ |∂AKθ|HTr
(
Kθ(∂¯∂AKθ)
†
))
∧
ωn−1
n− 1!
+i
∫
X
|∂AKθ|HTr
(
Kθ(∂AKθ)
†
)
∧ ∂
(
ωn−1
n− 1!
)
.
The last term on the right introduces a torsion term, which is fixed and controlled by a
constant C. Furthermore, by Kato’s inequality ∂|∂AKθ|H ≤ |∇
1,0∇1,0Kθ|H . Putting these
two facts together gives∫
X
|∂AKθ|
3
H
ωn
n!
≤ C
∫
X
|Kθ|H |∂AKθ|H |∂AKθ|H
ωn
n!
+ C
∫
X
|Kθ|H |∂AKθ|H |∇
2Kθ|H
ωn
n!
.
Applying Ho¨lder’s inequality to both integrals on the right we see∫
X
|∂AKθ|
3
H
ωn
n!
≤ C||Kθ||L6||∂AKθ||L3||∂AKθ||L2 + C||Kθ||L6||∂AKθ||L3||∇
2Kθ||L2.
Dividing both sides by ||∂AKθ||L3 proves (4.14). Combining (4.13) and (4.14), along with
Lemma 1, gives
C
∫
X
|F |H|∂A(Kθ)|
2
H
ωn
n!
≤ C
(
||∂A(Kθ)||L2(H) + ||∇
2(Kθ)||L2(H)
)
≤ ||∂A(Kθ)||
2
L2(H) +
1
4
||∇2(Kθ)||
2
L2(H) + 4C
2,
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which implies (4.12).
To achieve the desired L2 bound for ∂AKθ for finite time T , note that equation (4.12)
implies that the function ||∂A(Kθ)||
2
L2(H) grows at most exponentially in time (see Propo-
sition 8 from [15] for details), giving the following bound:
||∂A(Kθ)||
2
L2(H) ≤ Ce
kT ,
for constants k, C only depending on CT and fixed initial data. The L
2 bound for ∂AKθ for
time T =∞ follows from the second part of the proposition, namely that ||∂A(Kθ)||
2
L2(H)
and ||[θ,Kθ]||
2
L2(H⊗η) approach zero as t approaches infinity, which we now demonstrate.
Define the function f(t) = ||∂A(Kθ)||
2
L2(H)+ ||[θ,Kθ]||
2
L2(H⊗η), and assume a solution to
the Donaldson heat flow exists for all time. We now integrate f(t) in time from zero to
infinity. By (4.11) we have
∫ ∞
0
f(t)dt = −
1
2
∫ ∞
0
Y˙ (t)dt =
1
2
Y (0)−
1
2
lim
b→∞
Y (b).
Since Y (t) is positive the right hand side of the above inequality is bounded. Thus there
must exist a subsequence of times tk, such that tk < tk+1 < tk + 2, where f(tk) goes to
zero. In fact, if we can can demonstate
f˙ ≤ Cf + C,
then it will follow that f(t) goes to zero along any subsequence of times (see [28] for
details). Given (4.12), to prove the above inequality is suffices to show
∂t||[θ,Kθ]||
2
L2(H⊗η) ≤ C||∂A(Kθ)||
2
L2(H) + C.
First we compute the time derivative of |[θ,Kθ]|
2
H⊗η.
d
dt
|[θ,Kθ]|
2
H⊗η = 〈[θ, K˙θ], [θ,Kθ]〉H⊗η + 〈[θ,Kθ], [θ, K˙θ]〉H⊗η + 〈[Kθ, [θ,Kθ]], [θ,Kθ]〉H⊗η.
The last term on the right, which comes from the time derivative hitting the metric H , is
bounded by a constant C by Lemma 1. This gives
d
dt
|[θ,Kθ]|
2
H⊗η ≤ 〈[θ, P
′′
AKθ−[θ, θ
†(Kθ)]], [θ,Kθ]〉H⊗η+〈[θ,Kθ], [θ, P
′′
AKθ−[θ, θ
†(Kθ)]]〉H⊗η+C.
Again by Lemma 1 and the C0 bound for h the terms involving [θ, θ†(Kθ)] are controlled.
Furthermore [θ, θ†]η is controlled, so we can change P
′′
A to P
′
A at the cost of introducing a
commutator with K, which is now bounded by Lemma 1. Thus we have
d
dt
|[θ,Kθ]|
2
H⊗η ≤ 〈[θ, P
′
AKθ], [θ,Kθ]〉H⊗η + 〈[θ,Kθ], [θ, P
′′
AKθ]〉H⊗η + C.
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We now apply the operator P to |[θ,Kθ]|
2
H⊗η
P |[θ,Kθ]|
2
H⊗η ≤ 〈P
′
A[θ,Kθ], [θ,Kθ]〉H⊗η + 〈[θ,Kθ], P
′′
A[θ,Kθ]〉H⊗η.
When computing P ′A[θ,Kθ], we get three types of terms. First, the terms where both
derivatives land on θ. Since θ is holomorphic, P ′Aθ = g
jk¯∇j∇k¯θ = 0. Thus
P ′′Aθ = P
′
Aθ + [K, θ] = [K, θ],
and these terms are controlled. Second, we get mixed terms, where one derivative lands
on θ and another lands on Kθ. We know ∇θ is bounded since θ is fixed and the connection
term involves at most one derivative of H , and H is in C1 by Proposition 2. Thus these
terms are controlled by C|∂AKt|
2
H⊗η. Finally, if both derivatives land on Kθ, then we
get [θ, P ′AKθ], which precisely cancels with the time derivate terms. Putting everything
together we see (
d
dt
− P
)
|[θ,Kθ]|
2
H⊗η ≤ C|∂AKθ|
2
H⊗η + C.
Integrating the above inequality and applying the Gauduchon condition proves (4.15).
Thus f(t) goes to zero strongly in L2, and the proof of the proposition is complete.
We can now use the L2 bound for ∂AKθ to show that in fact |∂AKθ|
2
H is bounded in
C0. In Lemma 4 we saw(
d
dt
− P
)
|∂A(Kθ)|
2
H ≤ C(1 + |F |H)|∂A(Kθ)|
2
H .
Since C(1+ |F |H) is bounded in L
p for any 1 < p <∞, one can follow the exact parabolic
Moser iteration argument from [5] to prove |∂AKθ|
2
H is bounded in C
0.
We have thus shown Kθ is bounded in C
1. Furthermore, because h ∈ W 2,p for any
p, by the Sobolev embedding theorem h ∈ C1,α for α > 0. Thus, returning to (4.10), we
see that P ′′A0h is bounded in C
α. As a result h ∈ C2,α, which implies F ∈ Cα. In fact,
once we have F ∈ C0, higher order bounds for h can be achieved by following standard
parabolic theory (see [35] and the argument given in [22]). For the sake of completeness,
we provide a short sketch of the higher order estimates following the same outline as our
previous arguments.
So far we proven that h ∈ C2,α and Kθ ∈ C
1, using the fact that h ∈ C1,α and Kθ ∈ C
0.
To obtain higher order estimates, we assume h ∈ Ck,α and Kθ ∈ C
k−1. By equation (4.10)
we see that h ∈ W k+1,p for any 1 ≤ p < ∞. Recall that ∇ = ∇1,0 + ∇0,1 denotes the
Chern connection on all associated bundles of E. As a result ∇k denotes taking k covarient
derivatives, where each derivative includes the appropriate connection terms for the space
it is acting on. One can prove the following inequality(
d
dt
− P
)
|∇k(Kθ)|
2
H ≤ C(1 + |∇
k−1F |H)|∇
k(Kθ)|
2
H −
3
4
|∇k+1(Kθ)|
2
H (4.15)
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using the same argument as the one given in Lemma 4. The main idea is that when
computing d
dt
|∇k(Kθ)|
2
H , the time derivative can land on either connection terms or Kθ.
The time derivative of the connection terms produces terms with at most k derives on Kθ,
which are controlled. When the time derivative hits Kθ it produces a term of the form
∇kP ′′AKθ. Interchanging the order of derivatives (which lies at the heart of the Bocher
identity from Lemma 3) produces curvature terms and torsion terms, and a term of the
form P ′′A∇
kKθ which cancels when subtracting P |∇
k(Kθ)|
2
H. The most derivatives that
can land on the curvature F is k−1, and the highest order torsion terms can be controlled
using the Young’s inequality trick from Lemma 4. All lower order terms are bounded by
assumption, and the proof of (4.15) follows. Now, the W k+1,p bound for h implies that
C(1 + |∇k−1F |H) is in L
p. Thus, to conclude Kθ ∈ C
k via parabolic Moser iteration,
we only need to show ∇k(Kθ) is in L
2. Integrating (4.15) and applying the higher order
analogue of the interpolation inequality (4.14) a few times (see [13, 22]), allows one to
prove
d
dt
||∇k(Kθ)||
2
L2(H) ≤ −c||∇
k(Kθ)||
2
L2(H) + C
(see the proof of Lemma 10 from [22] for details). Thus ∇k(Kθ) is in L
2 for all time, and
applying parabolic Moser iteration to (4.15) gives |∇k(Kθ)H | is bounded in C
0. Thus we
have Kθ ∈ C
k, and trivially Kθ ∈ C
k−1,α, so equation (4.10) gives h ∈ Ck+1,α, completing
the bootstrap step. We have thus proven Proposition 1.
We can now prove long time existence
Proposition 5. Let H0 be an initial metric suitably normalized so that det(h) = 1 along
a solution to the Donaldson heat flow (1.4). Then a solution to (1.4) exists for all time
t ∈ [0,∞).
Proof. Because equation (1.4) is fully parabolic, a solution exists for short time by standard
parabolic theory [18]. Thus we need to prove long time existence. Suppose that a solution
only exists for t ∈ [0, T ) for some finite time T . Furthermore suppose H(t) converges in C0
to a metric HT as t→ T . Then Tr(h) ≤ CT for some constant CT independent of T , and
by Proposition 1 we have bounds for all higher order derivatives of H . Thus, by taking
subsequences, we have smooth convergence of H(t) to HT and as a result HT is smooth.
Short time existence now allows us to continue the flow to the interval [0, T + ǫ).
To see that H(t) converges in C0 to a metric HT as t → T , we direct the reader to
Proposition 13 from [9] as this proof carries over to the Gauduchon case. Additionally,
one can see the C0 bound for Tr(h) for finite time directly from the flow equation (1.4).
We have
d
dt
Tr(h) = −Tr (h(Kθ − λI)) ≤ |h|H |Kθ − λI|H ≤ CTr(h),
using Lemma 1 and the fact that all the eigenvalues of h are positive. Then as in the
proof of Proposition 4, Tr(h) grows at most exponentially and is thus bounded for finite
time.
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We are now ready to prove Theorem 1, under the assumption that Tr(h) is bounded
in C0 for all time.
Proof. Let ti be a subsequence of times along the Donaldson heat flow. We assume that
there exists a constant C∞ independent of time so that Tr(h) ≤ C∞. Then by Proposition
1 we know there exists constants Ak,∞ so that |h|Ck ≤ Ak,∞ for every k ∈ N. Thus for
each k by the Arzela`-Ascoli theorem the metrics H(ti) = H0h(ti) converge in C
k−1 along
a subsequence (still denoted ti) to a limiting metric H(t∞). Higher order derivates of this
limiting metric are well defined, so in particular Kθ(t∞) is well defined and
∂AiKθ(ti) −→ ∂A∞Kθ(t∞)
in Ck−4. By Proposition 4 both ||∂Ai(Kθ(ti))||
2
L2(H) and ||[θ,Kθ(ti)]||
2
L2(H⊗η) go to zero
strongly, which implies ∂A∞(Kθ(t∞)) = [θ,Kθ(t∞)] = 0. In fact, because Kθ(ti) is Hermi-
tian with respect to H(ti), we also see that ∂¯(Kθ(t∞)) = 0. We now sketch a short proof
that stability implies Kθ is a constant multiple of the identity.
Let u be a locally constant Hermitian endomorphism which satisfies [u, θ] = 0. Assume
via contradiction that u is not a constant multiple of the identity. Then there exists an
eigenvalue a of u such that f := u − aI is nonzero. Since f is locally constant both the
image Im(f) and the kernel Ker(f) are proper holomorphic subbundles of E, and because
[f, θ] = 0 we know that both subbundes are preserved by the Higgs field θ. This violates
stability, since we can identify Im(f) with E\Ker(f), and as a result it is impossible for
both Ker(f) and Im(f) to have slope strictly less than the slope of E.
It follows that Kθ(t∞) is a constant multiple of the identity. Because degree is inde-
pendent of metric this constant multiplier must be λ. Thus we have constructed a solution
to (1.3).
For the “only if” part of the proof of Theorem 1, suppose that the Donaldson heat
flow converges along a subsequence of times to a solution of (1.3). Then the stability of
the pair (E, θ) is a special case of Theorem 3.3 from [21].
5 The C0 bound from stability
In this section we prove Tr(h) is uniformly bounded in C0 along the Donaldson heat flow,
under the assumptions that g is Gauduchon and (E, θ) is stable. This step is perhaps the
most geometrically meaningful, since we have to use the algebraic-geometric condition of
stability to prove a uniform bound along a PDE. Simpson proves this bound in the Ka¨hler
case in Proposition 5.3 from [30]. LetM(t) := M(H0, H(t)) denote Donaldson’s functional
(see [9, 30, 16] for details) along the path of metrics H(t). Simpson proves the following:
Proposition 6. Let E be a stable vector bundle over a Ka¨hler manifold X. If h(t) = es(t)
evolves by the Donaldson heat flow, then for all time
sup
X
|s| ≤ C1 + C2M(t). (5.16)
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This proposition is attractive not only because it gives the desired bound on h, but it
also gives an explicit lower bound on the Donaldson functional M(t) that does not require
existence of any canonical metric. However, in the case that g is Gauduchon, we cannot
generalize this result, since Simpson uses a form of the Donaldson functional given by
integration by parts which we do not have access to.
Instead we adapt the C0 bound from the elliptic approach of Uhlenbeck and Yau,
suitably modified to fit our parabolic case. We note that both Simpson’s result above,
and the following proposition, rely on the theorem of Uhlenbeck and Yau that a weakly
holomorphic L2 subsheaf defines a coherent subsheaf.
Proposition 7. Let H(t) be a solution of (1.4), with H0 suitably normalized so that
det(h) = 1. Set
m(t) := sup
X
Tr(h(t)).
Suppose there does not exists a constant C such that m(t) < C uniformly in t. Then (E, θ)
is not stable.
We prove this proposition by contradiction, and assume no such constant exists. Define
normalized endomorphisms h˜(t) = h(t)/m(t) and consider h˜σ(t) for any 0 < σ ≤ 1. We
prove uniform W 1,2 bounds for h˜σ(t), allowing us to construct a weak limit after carefully
selecting subsequences along the flow, which is important for several estimates. This weak
limit is then used to construct a destabilizing subsheaf of E, contradicting stability of E.
First consider the following inequality, stated in Lemma (3.4.4) from [20], which holds
for 0 < σ ≤ 1, and is in fact equality when σ = 1.
|h−
σ
2 ∂A0h
σ|2H0 ≤ iΛTr(h
−1∂A0h∂¯h
σ). (5.17)
Note that we choose to work with the fixed covariant derivative ∂A0 and fixed metric H0.
The above inequality also uses the fact that h is Hermitian with respect to H0. Integrating
the above inequality and integrating by parts yields∫
X
|h−
σ
2 ∂A0h
σ|2H0
ωn
n!
≤ i
∫
X
Tr(∂¯(h−1∂A0h)h
σ) ∧
ωn−1
(n− 1)!
− i
∫
X
Tr(hσ−1∂A0h) ∧
∂¯(ωn−1)
(n− 1)!
.
Note the second term on the right vanishes since X is Gauduchon∫
X
Tr(hσ−1∂A0h) ∧ ∂¯(ω
n−1) =
1
σ
∫
X
∂Tr(hσ) ∧ ∂¯(ωn−1) = −
1
σ
∫
X
Tr(hσ) ∂∂¯(ωn−1) = 0.
Thus, applying formula (4.9), we have∫
X
|h−
σ
2 ∂A0h
σ|2H0
ωn
n!
≤
∫
X
Tr((K −K0)h
σ)
ωn
n!
. (5.18)
Now, we would like to bound the right hand side above by the L1 norm of hσ. However,
Lemma 1 gives a bound for the C0 norm of Kθ as opposed to K. To account for this,
using the commutator and the properties of trace we have
Tr([θ, θ†]ηh
σ − [θ, θ†0 ]ηh
σ) = 〈h−1θ†0(h), θ†(hσ)〉H0⊗η¯. (5.19)
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We claim the following inequality
|h−
σ
2 θ†0(hσ)|2H0⊗η¯ ≤ 〈h
−1θ†0(h), θ†0(hσ)〉H0⊗η¯, (5.20)
again with equality in the case of σ = 1. To see this, following the proof of Lemma
(3.4.4) from [20], fix a local frame for E so that h is diagonal with eigenvalues eλi , with
1 ≤ i ≤ rk(E). In this frame θ†0 has a matrix representation where each entry of the
matrix, denoted τij , is given by a section of V¯0. We then have
|h−
σ
2 θ†0(hσ)|2H0⊗η¯ =
∑
i 6=j
eσλi(eσλj − eσλi)2|τij |
2
η¯,
as well as the equality
〈h−1θ†0(h), θ†0(hσ)〉H0⊗η¯ =
∑
i 6=j
(eλj−λi − 1)(eσλj − eσλi)|τij|
2
η¯.
Then inequality (5.20) follows from the fact that
(eµ − 1)(eσµ+σλ − eσλ) ≥ e−σλ(eσµ+σλ − eσλ)2
for all real numbers λ, µ, σ with 0 < σ ≤ 1. Combining (5.18) and (5.20) gives∫
X
|h−
σ
2 ∂A0h
σ|2H0 + |h
−σ
2 θ†0(hσ)|2H0⊗η¯
ωn
n!
≤
∫
X
Tr((Kθ −K0θ)h
σ)
ωn
n!
.
Now, because h is Hermitian with respect to H (in addition to H0), we have
Tr((Kθ −K0θ)h
σ) = 〈Kθ −K0θ, h
σ〉H ≤ |Kθ −K0θ|H |h
σ|H
by the Cauchy-Schwarz inequality. We know |Kθ|H is bounded by Lemma 1, and because
h is Hermitian with respect to both H and H0 we know |h
σ|H = |h
σ|H0 =
√
Tr(h2σ). Thus∫
X
|h−
σ
2 ∂A0h
σ|2H0 + |h
−σ
2 θ†0(hσ)|2H0⊗η¯
ωn
n!
≤ C
∫
X
Tr|hσ|H0
ωn
n!
.
Up to now we have only considered the unnormalized endomorphisms h, however one
can divide both sides by mσ and the above inequality holds for h˜. By definition of the
normalization we have h˜ ≤ I, which in turn implies h˜−
σ
2 ≥ I. It follows that∫
X
|∂A0h˜
σ|2H0 + |θ
†0(h˜σ)|2H0⊗η¯
ωn
n!
≤
∫
X
|h˜−
σ
2 ∂A0 h˜
σ|2H0 + |h˜
−σ
2 θ†0(h˜σ)|2H0⊗η¯
ωn
n!
≤ C. (5.21)
Thus for all σ, we have h˜σ is bounded in W 1,2 uniformly in time, and this bound is
independent of σ. Before we take a weak limit, we first carefully choose a subsequence of
times along the flow. Define a sequence of powers σj so that σj → 0 as j → ∞. For a
fixed j we define the function fj(t) : R −→ R by fj(t) :=
∫
X
Tr(hσj ). We argue now that
because m(t) is unbounded, the function fj(t) is unbounded as well.
We now turn to the following lemma
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Lemma 6. Along the Donaldson heat flow, the following inequality holds uniformly in
time
m(t) ≤ C
∫
X
Tr(h)
ωn
n!
.
Proof. The proof is identical to the Ka¨hler case, and follows from the theory of elliptic
PDE’s. Taking the trace of (4.10), and applying (5.17) and (5.20) in the case of σ = 1,
gives
−PTr(h) = Tr(h(Kθ −K0θ))− |h
− 1
2θ†0(h)|2H0⊗η¯ − |h
−σ
2 ∂A0h
σ|2H0
≤ |h|H|Kθ −K0θ|H ≤ CTr(h),
where the last inequality follows from Lemma 1 the fact that the eigenvalues of h are
positive. We can now apply a standard Moser iteration argument for sub-solutions of
elliptic equations, for example see Theorem 4.1 from [14] and set p = 1.
Now, note that
∫
X
Tr(h)
ωn
n!
≤ sup
X
Tr(h)1−σj
∫
X
Tr(h)σj
ωn
n!
≤
1
2
sup
X
Tr(h) + 2
1−σj
σj ||Tr(h)||Lσj .
Combining the above string of inequalities with Lemma 6 we have
1
2
m(t) ≤ (2C)
1−σj
σj ||Tr(h)||Lσj .
Because the function (·)σj is an increasing function we take both sides to the power of σj
and see
m(t)σj ≤ 2σj (2C)1−σj
∫
X
Tr(h)σj
ωn
n!
.
Let r be the rank of E, and let λ1, ..., λr be the positive eigenvalues of h. Again because
the function (·)σj is increasing we know that
Tr(h)σj = (λ1 + ...+ λr)
σj ≤ rσjλ
σj
Max ≤ r
σjTr(hσj ).
Thus putting everything together we have
m(t)σj ≤ (2r)σj (2C)1−σjfj(t). (5.22)
Since the left hand side becomes unbounded, we know for each j the function fj(t) is
unbounded. For fixed j we pick a subsequence of times tk(j) with two properties. First, that
fj(tk(j)) approaches infinity as k(j) goes to infinity, and second that ∂t(fj(tk(j))) ≥ 0 for
each k(j). To see that this is possible let tk(j) be the time corresponding to supt∈[0,k(j)] fj(t).
Either this supremum occurs at a time t < k(j), which means fj is at a local max in time,
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or it occurs at k(j), which means fj must be non-decreasing in time, verifying the second
desired property. Clearly this subsequence sends fj to infinity. Furthermore, because
fj(t) =
∫
X
Tr(hσj )
ωn
n!
≤ V ol(X) sup
X
Tr(hσj ) ≤ rV ol(X)m(t)σj ,
it is clear along the subsequence tk(j) that m(tk(j)) goes to infinity as well.
As stated before, along tk(j) we know h˜
σ is bounded in W 1,2. Thus, for each σj , there
exists a subsequence of times (still denoted tk(j)), that converges weakly in W
1,2 to a
limiting endomorphism h
σj
∞. In fact this limiting endomorphism is non-degenerate, which
we can see by dividing (5.22) by mσj
1 ≤ (2r)σj (2C)1−σj
∫
X
Tr(h˜σj )
ωn
n!
≤ V ol(X)(2r)σj(2C)1−σj ||h˜σj ||2L2(X).
Thus the L2 norm of h˜σj is bounded below independent of the subsequence tk(j), and since
weak W 1,2 convergence implies strong convergence in L2 we know the L2 norm of h
σj
∞ is
non zero.
Note that the endomorphisms h˜
σj
∞ are bounded uniformly inW 1,2 for all j (which follows
because (5.21) is independent of σ). We therefore have an W 1,2 limit along a subsequence
(still denoted j) as σj approaches zero, which converges to a limit h
0
∞. This limit is also
non-degenerate, since the constant (2r)σj(2C)1−σj from (5.22) approaches 2C as σ → 0,
which is bounded.
In order to construct a destabilizing sub-sheaf, we want to invoke a Theorem of Uhlen-
beck and Yau from [34] which states that a weakly holomorphic W 1,2 projection actually
defines a coherent sub sheaf of E. Our weakly holomorphic projection is defined as follows
π = lim
j→∞
lim
k→∞
(I − h˜σj (tk(j))). (5.23)
The endomorphism π is in W 1,2 since the endomorphisms h˜
σj
k(j) converge weakly in W
1,2.
Following the argument in [20] one easily checks that π∗ = π2 = π. Finally, to apply the
theorem from [34] one needs that (I − π)(∂¯+ θ)π = 0 in L1. This will prove not only that
π is a weakly holomorphic subbundle, but also that π is preserved by the Higgs field θ. To
see this fact, by the argument on the bottom of page 86 of [20], it suffices to show
||π∂A0(I − π)||
2
L2(H0)
= ||πθ†0(I − π)||2L2(H0⊗η¯) = 0. (5.24)
Now, for all real numbers 0 ≤ λ ≤ 1 and 0 < s ≤ σ ≤ 1, we have the following bound
from [34]
0 ≤
s+ σ
s
(1− λs) ≤ λ−σ.
Thus for 0 < s ≤
σj
2
≤ 1 it holds
0 ≤
s+
σj
2
s
(I − h˜s(tk(j))) ≤ h˜
−
σj
2 (tk(j)).
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By (5.21) one now has∫
X
∣∣∣(I − h˜s) ∂A0 h˜σj
∣∣∣2
H0
+
∣∣∣(I − h˜s) θ†0 h˜σj ∣∣∣2
H0⊗η¯
ωn
n!
≤
s
s+
σj
2
∫
X
|h˜−
σj
2 ∂A0 h˜
σj |2H0 + |h˜
−
σj
2 θ†0(h˜σj )|2H0⊗η¯
ωn
n!
≤ C
s
s+
σj
2
,
where the dependence of h˜ on the time tk(j) has been suppressed for notational simplicity.
Then (5.24) follows by first letting k, then s, then j go to infinity. We direct the reader
[20, 34] for details, which are the same as in the Ka¨hler case. We can now apply the
following theorem of Uhlenbeck and Yau from [34].
Theorem 2. Given a weakly holomorphic subbundle π of E, there exists a coherent sub-
sheaf F of E, and an analytic subset S ⊂ X with the following properties
i) codimXS ≥ 2
ii) π|X\S is C
∞ and satisfies both π∗ = π = π2 and (I − π)∂¯π = 0
iii) F ′ := F|X\S is a holomorphic subbundle, and on X\S the endomorphism π is the
projection of E onto F ′.
Thus we have constructed a coherent subsheaf F of E, and to finish Proposition 7 we
must show F is proper and destabilizing. We first show F is a proper subsheaf of E.
Since h0∞ is non-degenerate, it must have at least one nonzero eigenvalue. Thus
rk (h0∞) ≥ 1 which implies
rk(F) = rk(π) = rk (I − h0∞) ≤ r − 1.
On the other hand we are assuming that m(tk(j)) goes to infinity along every subsequence
k(j) (we have explicitly noted this is true for all j). Because det(h(t)) = 1 along the
Donaldson heat flow we must have an eigenvalue of h˜
σj
k(j) that goes to zero. Thus almost
everywhere h
σj
∞ has an eigenvalue equal to zero, and by strong L2 convergence almost
everywhere h0∞ has an eigenvalue equal to zero, which implies rk(F) > 0. So F is indeed
a proper subsheaf of E.
We now prove µ(F) ≥ µ(E) showing that F is destabilizing. Recall the Chern-Weil
formula from Section 2, which we apply using the fixed connection associated to H0
µ(F) =
1
2π rk(F)
(∫
X
Tr(πK0π)
ωn
n!
− ||∂A0π||
2
L2(H0)
)
.
Using the definition of λ, given by (2.5), we modify the formula slightly to include µ(E)
µ(F) =
1
2πrk(F)
(∫
X
Tr((K0 − λI) ◦ π)
ωn
n!
− ||∂A0π||
2
L2(H0)
)
+ µ(E).
Thus to show µ(F) ≥ µ(E), we must verify∫
X
Tr((K0 − λI) ◦ π)
ωn
n!
≥ ||∂A0π||
2
L2(H0)
. (5.25)
The inequality above is a direct consequence of the following lemma.
23
Lemma 7. The projection π defined by (5.23) satisfies the following inequality
∫
X
Tr((K0θ − λI) ◦ π)
ωn
n!
≥ ||∂A0π||
2
L2(H0)
+ ||θ†0(π)||2L2(H0⊗η¯).
Note that the left had side of the above inequality contains K0θ as opposed to K0.
However, one can show
Tr([θ, θ†0 ]ηπ) = |θ
†0(π)|2H0⊗η¯.
To see this, we use that θ preserves the subbundle defined by π, which means (I−π)θπ = 0
in L1. Using the commutator and the fact that πθπ = θπ in the L1 sense it is easy to
verify the above equality. Thus Lemma 7 is indeed equivalent to (5.25).
We now prove Lemma 7. By the definition of degree we have
∫
X
Tr(K0+[θ, θ
†0 ]η−λI) =
0. This fact, along with the observation that the convergence defining π is strong in L2,
yields
∫
X
Tr((K0θ − λI) ◦ π)
ωn
n!
= − lim
j→∞
lim
k→∞
∫
X
Tr((K0θ − λI) h˜
σj (tk(j)))
ωn
n!
.
From now on we drop the tk(j) from our expressions to ease notation. Our next step is to
modify the above formula so that it contains Kθ instead of K0θ. Applying equation (4.9)
gives
−
∫
X
Tr((K0θ − λI) h˜
σj )
ωn
n!
=
∫
X
Tr(∂¯(h˜−1∂A0 h˜) h˜
σj ) ∧
ωn−1
(n− 1)!
(5.26)
+
∫
X
Tr
(
−(Kθ − λI) h˜
σj + [θ, θ†]ηh˜
σ − [θ, θ†0 ]ηh˜
σ
) ωn
n!
.
Now, by our flow equation (1.4) we have
−
∫
X
Tr((Kθ − λI) h˜
σj )
ωn
n!
=
1
m(tk(j))σj
∫
X
Tr(h−1h˙hσj )ωn =
∂tfj(tk(j))
σjm(tk(j))σj
.
Both m(t) and σj are always positive, and for each fixed j we chose our subsequence k(j)
so that ∂tfj(tk(j)) ≥ 0. Furthermore, we have already seen that
1
mσj
Tr([θ, θ†]ηh
σ − [θ, θ†0 ]ηh
σ) ≥
1
mσj
|h−
σ
2 θ†0(hσ)|2H0⊗η¯
= |h˜−
σ
2 θ†0(h˜σ)|2H0⊗η¯ ≥ |θ
†0(h˜σ)|2H0⊗η¯.
Thus we can return to (5.26) and conclude
−
∫
X
Tr((K0θ − λI) h˜
σj)
ωn
n!
≥
∫
X
Tr(∂¯(h˜−1∂A0 h˜) h˜
σj ) ∧
ωn−1
(n− 1)!
+ ||θ†0(h˜σ)||2L2(H0⊗η¯).
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Note that the first term on the right hand side above appears in proof of Proposition
3.4.8 from [20]. Following their argument exactly, one can integrate by parts to prove the
following inequality
∫
X
Tr(∂¯(h˜−1∂A0 h˜) h˜
σj) ∧
ωn−1
(n− 1)!
≥
∫
X
|h˜−
σj
2 ∂A0 h˜
σj |2H0
ωn
n!
≥ ||∂A0(h˜
σj )||2L2(H0).
Putting everything together, so far we have
− lim
j→∞
lim
k→∞
∫
X
Tr((K0θ − λI) h˜
σj )
ωn
n!
≥ lim
j→∞
lim
k→∞
(
||∂A0(h˜
σj )||2L2(H0) + ||θ
†0(h˜σ)||2L2(H0⊗η¯)
)
.
Because convergence of h˜
σj
k(j) is strong in L
2, by first taking the limit in k and then j the
left hand side can be written as
lim
j→∞
lim
k→∞
∫
X
Tr
(
(K0θ − λI) (I − h˜
σj )
) ωn
n!
=
∫
X
Tr((K0θ − λI) ◦ π)ω
n.
Now, convergence is only weak in W 1,2, yet by lower semi-continuity of weak limits we
have
||∂A0(π)||
2
L2(H0)
+ ||θ†0(π)||2L2(H0⊗η¯) ≤ limj→∞
lim
k→∞
(
||∂A0(h˜
σj )||2L2(H0) + ||θ
†0(h˜σ)||2L2(H0⊗η¯)
)
.
From here Lemma 7 follows, which verifies that F is destabilizing. This completes the
proof of Proposition 7.
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